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ABOUT CHROMATIC UNIQUENESS OF SOME
COMPLETE TRIPARTITE GRAPHS
P. A. GEIN
Abstract. Let 𝑃 (𝐺, 𝑥) be the chromatic polynomial of a graph 𝐺. A
graph 𝐺 is called chromatically unique if for any graph 𝐻, 𝑃 (𝐺, 𝑥) =
𝑃 (𝐻,𝑥) implies that 𝐺 and 𝐻 are isomorphic. In this paper we show
that full tripartite graph 𝐾(𝑛1, 𝑛2, 𝑛3) is chromatically unique if 𝑛1 ≥
𝑛2 ≥ 𝑛2 ≥ 𝑛3 ≥ 2, 𝑛1 − 𝑛3 ≤ 5 and 𝑛1 + 𝑛2 + 𝑛3 ̸≡ 2 mod 3.
1. Introduction
In this paper all graphs are considered to be simple, that is they do not
contain loops and multiple edges. Terminology is used with accordance to
[1].
A (proper) coloring of a graph 𝐺 in 𝑥 colors is a map 𝜑 from the set
of all vertices of the graph 𝐺 to the set of numbers {1, 2, . . . 𝑥}, such as
𝜑(𝑢) ̸= 𝜑(𝑣) holds for any two adjacent vertices 𝑢 and 𝑣. A graph is called
𝑥-colorable if there exists its coloring in 𝑥 colors. Denote the number of all
colorings of the graph 𝐺 in 𝑥 colors as 𝑃 (𝐺, 𝑥). It is well known (see, for
example, [1]), that the function 𝑃 (𝐺, 𝑥) is a polynomial, which is called the
chromatic polynomial of the graph 𝐺. Two graphs are called chromatically
equivalent if its chromatic polynomial are coincide. A graph 𝐺 is called
chromatically unique if for any graph 𝐻, 𝑃 (𝐺, 𝑥) = 𝑃 (𝐻,𝑥) implies that 𝐺
and 𝐻 are isomorphic.
The following question is especially interesting: is any complete 𝑡-partite
graph 𝐾(𝑛1, 𝑛2, . . . , 𝑛𝑡) chromatically unique whenever 𝑡 ≥ 3 and 𝑛1 ≥ 𝑛2 ≥
. . . ≥ 𝑛𝑡 ≥ 2?
List some known results, any additional details one can find in the book
[2] and in the monograph [3].
(1) A graph 𝐾(𝑛1, 𝑛2) is chromatically unique if 𝑛1 ≥ 𝑛2 ≥ 2, see [4].
(2) A graph 𝐾(𝑛1, 𝑛2, 𝑛3, . . . 𝑛𝑡) is chromatically unique if 𝑡 ≥ 3 and
𝑛1 ≥ 𝑛2 ≥ . . . 𝑛𝑡 ≥ 2 and 𝑛1 − 𝑛𝑡 ≤ 4, see [5, 6, 7, 8].
(3) A graph 𝐾(𝑛1, 𝑛1, 𝑛3) is chromatically unique if 𝑛1 − 1 ≥ 𝑛3 ≥ 2,
see [9].
(4) A graph 𝐾(𝑛1, 𝑛1−1, 𝑛3) is chromatically unique if 𝑛1−1 ≥ 𝑛3 ≥ 2,
see [10].
The main result of this paper is the following
This paper is an English version of the paper [17].
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2 P. A. GEIN
Theorem. A graph 𝐾(𝑛1, 𝑛2, 𝑛3) is chromatically unique if 𝑛1 ≥ 𝑛2 ≥ 𝑛3 ≥
2, 𝑛1 − 𝑛3 ≤ 5 and 𝑛1 + 𝑛2 + 𝑛3 ̸≡ 2 mod 3.
Chromatically uniqueness of a graph 𝐾(𝑛1, 𝑛2, 𝑛3), where 𝑛1 − 𝑛3 ≤ 4
was proved in [5, 6, 7]. The main aim of this paper is proving the theorem
in the case when 𝑛1 − 𝑛3 = 5.
2. Preliminaries
A partition of a number 𝑛 is a sequence of nonnegative integers 𝑢 =
(𝑢1, 𝑢2, . . .) such that 𝑢1 ≥ 𝑢2 . . ., and 𝑢 contains only finite non-zero ele-
ments, and 𝑛 =
∑︀∞
𝑖=1 𝑢𝑖. The length of the partition 𝑢 is the number 𝑙, such
that 𝑢𝑙 > 0 and 𝑢𝑙+1 = 𝑢𝑙+2 = . . . = 0. When we write a partition, we will
often omit its zero elements.
Let 𝑢 = (𝑢1, 𝑢2, . . .) and 𝑣 = (𝑣1, 𝑣2, . . .) be two partitions of a number 𝑛.
Then 𝑣 E 𝑢 if
𝑣1 ≤ 𝑢1,
𝑣1 + 𝑣2 ≤ 𝑢1 + 𝑢2,
. . .
𝑣1 + 𝑣2 + . . . + 𝑣𝑡−1 ≤ 𝑢1 + 𝑢2 + . . . + 𝑢𝑡−1,
where 𝑡 is the greatest of lengths 𝑢 and 𝑣. The relation E is called dominance
order. As it was shown in [11], all partitions of the number 𝑛 form a lattice
with respect to E.
As it was proved in [12], all partitions of the number 𝑛 with fixed length
form a lattice with respect to E. Also Baransky and Sen’chonok in [12] intro-
duce a notion of an elementary transformation. A partition 𝑣 = (𝑣1, 𝑣2, . . . 𝑣𝑡)
is a result of an elementary transformation of a partition 𝑢 = (𝑢1, 𝑢2, . . . , 𝑈𝑡),
if there are such indicies 𝑖 and 𝑗 that 1) 1 ≤ 𝑖 < 𝑗 ≤ 𝑡, 2) 𝑢𝑖 − 1 ≥ 𝑢𝑖+1 and
𝑢𝑗−1 ≥ 𝑢𝑗 + 1, 3) 𝑢𝑖 − 𝑢𝑗 = 𝛿 ≥ 2, 4) 𝑣𝑖 = 𝑢𝑖 − 1, 𝑣𝑗 = 𝑢𝑗 + 1, 𝑢𝑘 = 𝑣𝑘 for all
𝑘 = 1, 2, . . . , 𝑡, 𝑘 ̸= 𝑖, 𝑗. It was proved in [12], that 𝑣 E 𝑢 holds if and only
if the partition 𝑣 can be obtained from the partition 𝑢 with finite number
elementary transformations.
Every complete 𝑡-partite graph with 𝑛 vertices can be identified with
partition of length 𝑡 of the number 𝑛. Let 𝑢 = (𝑢1, 𝑢2, . . . , 𝑢𝑡) be a partition
of length 𝑛 of the number 𝑛. We will write 𝐾(𝑢) instead of 𝐾(𝑢1, 𝑢2, . . . , 𝑢𝑡)
and denote parts of graph 𝐾(𝑢) as 𝑉𝑖 where |𝑉𝑖| = 𝑢𝑖 for all 𝑖 = 1, 2, . . . 𝑡.
Let 𝑢 be a partition of a number 𝑛 of length 𝑡. We present the following
schema for proving chromatic uniqueness of the graph 𝐾(𝑢). By contra-
diction, we assume that the graph 𝐾(𝑢) is not chromatically unique. It
means, that there exists a graph 𝐻, which is nonisomorphic to the graph
𝐾(𝑢), and graphs 𝐻 and 𝐾(𝑢) are chromatically equivalent. It is clear, that
the chromatic number of the graph 𝐻 is equal to 𝑡, so the graph 𝐻 can be
obtained from some complete 𝑡-partite graph by deleting some set of edges
𝐸. It was shown in [13], that different complete multipartite graphs are not
chromatically equivalent, so 𝐸 must be non empty.
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Assume that some number is assigned to every graph. This number is
called a chromatic invariant if it is the same for all chromatic equivalent
graphs. If 𝛼(𝐺) is a chromatic invariant and 𝐺1, 𝐺2 are two arbitrary
graphs, than denote ∆𝛼(𝐺2, 𝐺1) = 𝛼(𝐺2) − 𝛼(𝐺1). It is well known (see,
for example, [1]), that the number of vertices, the number of edges, the
number of connected components and the number of triangles are chromatic
invariants.
According to the Zykov’s theorem (see, for example, [1]), the chromatic
polynomial can be written as 𝑃 (𝐺, 𝑥) =
𝑛∑︀
𝑖=𝜒
𝑝𝑡(𝐺, 𝑖)𝑥(𝑖), where 𝑝𝑡(𝐺, 𝑖) is a
number of way to partition the vertex set of the graph 𝐺 into 𝑡 independent
set, and 𝑥(𝑖) is a factorial power of number 𝑥, that is 𝑥(𝑖) = 𝑥(𝑥−1) · . . . (𝑥−
𝑖 + 1). It follows from Zykov’s theorem, that numbers 𝑝𝑡(𝐺, 𝑖), 𝑖 = 𝜒, . . . , 𝑛
are chromatic invariants. We are mostly interested in 𝑝𝑡(𝐺,𝜒 + 1), which
we will write as 𝑝𝑡(𝐺).
It is clear, that every complete 𝑡-partite graph is 𝑡-colorable, but is not
(𝑡−1)-colorable; in other words, the chromatic number of complete 𝑡-partite
graph is equal to 𝑡. Compute 𝑝𝑡(𝐾(𝑢)) for complete multipartite graph
𝐾(𝑢1, 𝑢2, . . . , 𝑢𝑡). It is easy to show, that any partition of the vertex set of
the graph 𝐾(𝑢) into 𝑡 + 1 parts can be obtained by splitting exactly one
part into two nonempty subsets; so 𝑝𝑡(𝐾(𝑢)) =
𝑛∑︀
𝑖=1
2𝑢𝑖−1 − 𝑡.
It was investigated in [8], how invariant 𝑝𝑡 changes from graph 𝐾(𝑣) to
graph 𝐻. Introduce all necessary definitions and auxiliary statements.
A complete multipartite subgraph 𝐺1 of the graph 𝐾(𝑣) is called 𝐸-
subgraph, if every part of the graph 𝐺1 is contained in some part of the
graph 𝐾(𝑣), and the edge set of graph 𝐺1 is contained in the set 𝐸. An
arbitrary disjoint set of 𝐸-subgraphs is called a garland. We will say that
the garland 𝐺′ destroys a part 𝑉𝑖, if every vertex of 𝑉𝑖 is contained in some
𝐸-subgraph of the garland 𝐺′. A garland of cardinality 𝑝, which destroys
exactly 𝑝−1 parts, is called interesting. The set of all edges of all 𝐸-subgraph
of the garland is called edge aggregate. A garland is called 𝑘-edge if its edge
aggregate contains exactly 𝑘 edges. Following properties was proved in [8].
1) If the chromatic number of the graph 𝐻 is equal to 𝑡, then every
garland of cardinality 𝑝 destroys at most 𝑝− 1 parts.
2) Each garland is uniquely defined by its edge aggregate.
3) A number ∆𝑝𝑡(𝐻,𝐾(𝑣)) is equal to the number of all interesting
garlands.
The next lemma follows from this properties.
Lemma 1 (Corollary 2, [8]). If a graph 𝐻 is obtained from graph 𝐾(𝑣)
by deleting some set of edges 𝐸, and graphs 𝐾(𝑢) and 𝐻 are chromatically
equivalent, then |𝐸| ≤ ∆𝑝𝑡(𝐻,𝐾(𝑣)) ≤ 2|𝐸|−1.
Let 𝐺′ = {𝐺′1, 𝐺′2, . . . , 𝐺′𝑝} be a garland. We will say, that garland 𝐺′ has
type 𝐻1∪˙𝐻2∪˙ . . . ∪˙𝐻𝑝, where {𝐻1, 𝐻2, . . . 𝐻𝑝} is a set of graphs, if 𝐺′𝑖 ≃ 𝐻𝐼
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for all 𝑖 = 1, 2, . . . 𝑝. Denote a number of interesting garlands, which edge
aggregates contain exactly 𝑘 edges, as 𝜇𝑘.
Let 𝑒 be an arbitrary edge from 𝐸. Denote the number of triangles of the
graph 𝐾(𝑣), which contain edge 𝑒, as 𝜉1(𝑒). Let 𝜉𝑖 =
∑︀
𝑒∈𝐸 𝜉1(𝑒).
Consider a triangle in the graph 𝐺, which contains exactly two edges
from 𝐸. Denote them as 𝑒1 and 𝑒2. Subgraph, generated by {𝑒1, 𝑒2} is
called a Ξ2-subgraph. Denote the number of such subgraphs as 𝜉2. Denote
the number of triangles in ⟨𝐸⟩ as 𝜉3.
Denote the number of triangles in the graph 𝐺 as 𝐼3(𝐺). In [5] the equa-
tion ∆𝐼3(𝐾(𝑣), 𝐻) = 𝜉1 − 𝜉2 − 2𝜉3 was established. Notice, when an edge
is deleted, a new triangle can not be produced, so ∆𝐼3(𝐾(𝑣), 𝐻) is equal to
the number of triangles in 𝐾(𝑣), which are destroyed by deleting edge set
𝐸 from 𝐾(𝑣).
The following lemma shows a connection between the number of inter-
esting two-edge garland, Ξ2-subgraphs and the number of triangles in the
graph ⟨𝐸⟩.
Lemma 2. Let each part in the graph 𝐾(𝑣) contains at least three vertices
and the edge set 𝐸 was deleted. Let (𝑑1, 𝑑2, . . . , 𝑑𝑘) be a sequence of degree
of vertexes of the graph ⟨𝐸⟩. Then
𝜇2 + 𝜉2 + 3𝜉3 =
𝑘∑︁
𝑖=1
(︂
𝑑𝑖
2
)︂
6
(︂|𝐸|
2
)︂
.
Proof. Because each part contains at least three vertices, an interesting two-
edge garland has type 𝐾(2, 1), because a pair of nonadjacent edges can
not be edge aggregate of any interesting garland, since such garland should
destroy some part, which is impossible.
Consider an arbitrary pair of adjacent edge. It either generates an inter-
esting garland, forms Ξ2-subgraph, or lays in some triangle. It is clear, that
every triangle will be counted three times and subgraphs of two other types
will be counted exactly once. The number of pair of adjacent edges is equal
to
𝑘∑︀
𝑖=1
(︀
𝑑𝑖
2
)︀
. 
Investigate the case, when inequality from lemma 2 become an equality.
It is possible if and only if, when any two edges in ⟨𝐸⟩ are adjacent.
Let 𝐺1 = (𝑉 𝐺1, 𝐸𝐺1), 𝐺2 = (𝑉 𝐺2, 𝐸𝐺2) be two graphs. Define a graph
𝐺1 + 𝐺2 using following relations:
𝑉 (𝐺1 + 𝐺2) = 𝑉 𝐺1∪˙𝑉 𝐺2
𝐸(𝐺1 + 𝐺2) = 𝐸𝐺1∪˙𝐸𝐺2∪˙ {{𝑥, 𝑦}|𝑥 ∈ 𝑉 𝐺1, 𝑦 ∈ 𝑉 𝐺2} .
Denote a graph with 𝑛 vertices without any edges as 𝑂𝑛.
Lemma 3. Let 𝐺 be a graph without isolated vertices which has 𝑚 edges and
any two edges in 𝐺 are adjacent. Then 𝐺 is isomorphic either to triangle
or to the graph 𝑂𝑚 + 𝑂1.
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Proof. It is clear, that there are no cycles of length greater than 3 in the
graph 𝐺 (in other case, there is a pair of nonadjacent edges). If there is a
triangle in the graph 𝐺, then there are no other edges, because in other case
such edge should go through two vertices of the triangle, but in this case
the graph 𝐺 contains multiple edges.
The last case to be considered, when there are no cycles in the graph 𝐺,
so 𝐺 is a tree. Let 𝑥 be a leaf and it is adjacent with a vertex 𝑦. Then all
another edges (if they exist) should go through the vertex 𝑦, therefore, the
graph 𝐺 isomorphic to the graph 𝑂𝑚 + 𝑂1. 
Remark. It is clear, that graphs 𝑂𝑚 + 𝑂1 and 𝐾(𝑚, 1) are isomorphic.
We well write, that a subgraph of the graph ⟨𝐸⟩ is coordinated subgraph of
type 𝐾(𝑚, 1), if it is isomorphic to 𝐾(𝑚, 1) and all its 𝑚 vertices degree one
lay in the same part of the graph 𝐾(𝑣).
Subset 𝐸1 of the set 𝐸 is called uncontinuable, if there is no garland
in ⟨𝐸⟩, which contains all edges from 𝐸1. In other case, subset is called
continuable. Remark, that an empty set is continuable.
Let 𝐸1 be a subset of 𝐸. Subset 𝐸2 of the set 𝐸1 is called continuable
outside of 𝐸1, if there exists garland 𝐺
′ with edge aggregate 𝐸′, such that
𝐸2 = 𝐸
′ ∩ 𝐸1.
Lemma 4. Let 𝐸1 ⊂ 𝐸 and 𝐸1 contains at most 𝑁 continuable outside of
𝐸1 subsets. Then the number of garlands is not greater than 𝑁 ·2|𝐸|−|𝐸1|−1.
Proof. Let 𝑋 be a set of all garlands. Consider an arbitrary garland with
edge aggregate ?ˆ?. Notice, that a set of edges 𝐸′ = ?ˆ? ∩ 𝐸1 is continuable
outside of 𝐸1 subset.
Consider an arbitrary subset 𝐸′ ⊆ 𝐸1, which is continuable outside of 𝐸1.
Let 𝑋(𝐸′, 𝐸1) be a set of all garlands, such that an intersection of their edge
aggregate and set 𝐸1 is equal to 𝐸
′. Then |𝑋(𝐸′, 𝐸1)| ≤ 2|𝐸|−|𝐸1|. Given
the fact that 𝑋 = ∪˙𝐸′𝑋(𝐸′, 𝐸1), one can deduce |𝑋| =
∑︀
𝐸′
|𝑋(𝐸′, 𝐸1)| =
𝑋(∅, 𝐸1) +
∑︀
𝐸′ ̸=∅
|𝑋(𝐸′, 𝐸1)| 6 2|𝐸|−|𝐸1|−1 +
∑︀
𝐸′ ̸=∅
2|𝐸|−|𝐸1| = 𝑁 ·2|𝐸|−|𝐸1|−
1. 
The next three lemmas follow from lemma 4.
Lemma 5. If there is a triangle in ⟨𝐸⟩, then the number of garlands does
not exceed 5 · 2|𝐸|−3 − 1.
Proof. Notice, that a triangle has at most 5 continuable outside itself subsets:
empty, 3 one-edge subsets and the triangle. 
Lemma 6. (1) If there is a subgraph of type Ξ2 in ⟨𝐸⟩, then the number
of garland does not exceed 3 · 2|𝐸|−2 − 1.
(2) If there are two distinct subgraphs of type Ξ2 with edge sets 𝐸1 and
𝐸2, then the number of garlands does not exceed 2
|𝐸|−1+2|𝐸|−|𝐸1∪𝐸2|−
1.
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Proof. (1) Notice, that the Ξ2-subgraph edge set has at most 3 continu-
able outside itself subsets: empty and two one-edge subsets.
(2) Notice, that edge aggregate of any garland can not contain nor set
𝐸1, nor set 𝐸2 (since a garland is a disjoint union complete multi-
partite graphs, then if it contains edges 𝑥𝑦 and 𝑥𝑧 of Ξ2-subgraph,
it also should contain an edge 𝑦𝑧, which does not lay in 𝐸, see
fig. 1). Then by inclusion-declusion principle, the number of gar-
lands does not exceed 2|𝐸|− 2|𝐸|−|𝐸1|− 2|𝐸|−|𝐸2| + 2|𝐸|−|𝐸1∪𝐸2|− 1 =
2|𝐸| − 1− 2 · 2|𝐸|−2 + 2|𝐸|−|𝐸1∪𝐸2| = 2|𝐸|−1 + 2|𝐸|−|𝐸1∪𝐸2| − 1.
𝑥
𝑦
𝑧
Figure 1. Ξ2-subgraph

Because two distinct Ξ2-sungraphs have no less than 3 edges, than we can
state
Corollary 1. If there are two distinct Ξ2-subgraph in ⟨𝐸⟩, then the number
of garland does not exceed 2|𝐸|−1 + 2|𝐸|−3 − 1.
Lemma 7. If there is a garland of type 𝐾(2, 1, 1) in ⟨𝐸⟩, then the number
of garlands does not exceed 13 · 2|𝐸|−5 − 1.
Proof. A continuable outside of edge set of such garland set of edges should
be one of the following: empty, 5 one-edge sets, 2 triangles, two garlands of
type 𝐾(2, 1), 2 pairs of nonadjancent edges and the edge aggregate of this
garland. 
In addition to proof of lemma 7 notice, that unconinuable outside of the
edge aggregate of the garland 𝐾(2, 1, 1) should be one of the following:
∙ 6 two-edge subsets, elements of which is edges of the same triangle;
∙ 8 three-edge subsets, which does not contain triangles;
∙ 5 four-edge subsets.
All possible garlands, which edge aggregates contain no more than four
edges, are shown in fig. 2.
Part of the graph 𝐾(𝑣) is called active, if there is a vertex in this part,
which is incedent to some edge from 𝐸.
Lemma 8. Let every active part of 𝐾(𝑣) contains at least 4 vertices and
|𝐸| = 6. Let also each garland of cardinality 𝑝 destroys no more than 𝑝− 1
parts of the graph 𝐾(𝑣). Then either ⟨𝐸⟩ is an intresting garland of type
𝐾(6, 1) and contains exactly 63 intresting garlands; or subgraph ⟨𝐸⟩ contains
no more than 33 intresting garlands.
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Figure 2. All possible garlands, which edge aggregate con-
tains no more than 4 edges
Proof. Notice, that any garland of cardinality one is interesting, because it
can not destroy any part.
If there is a garland of type 𝐾(6, 1) in the graph ⟨𝐸⟩, then ⟨𝐸⟩ is an
interesting garland of type 𝐾(6, 1) and it contains exactly 63 interesting
garlands.
Assume there is no garland of type 𝐾(6, 1) in ⟨𝐸⟩. Assume, that there is
garlalnd of type 𝐾(5, 1) in the graph ⟨𝐸⟩. Denote an edge, which does not
lay in 𝐾(5, 1), as 𝑒. Then either 𝑒 is incedent to the vertex of degree one of
garland 𝐾(5, 1), incedent to the vertex of degree five of garland 𝐾(5, 1) or
non incident to any vertex of garland 𝐾(5, 1). In all this cases edge 𝑒 lays in
no more than two interesting garlands (one-edge garlnand, and, maybe six-
edge garland of type 𝐾(5, 1)∪˙𝐾(1, 1) or two-edge garland of type 𝐾(2, 1).
Then there are no more than 25 − 1 + 2 = 33 garlands.
Figure 3. A mutual position of the garland 𝐾(5, 1) and the
edge 𝑒
An interesting four-edge garland can be one of the following types: 𝐾(4, 1),
𝐾(2, 1)∪˙𝐾(2, 1), 𝐾(3, 1)∪˙𝐾(1, 1) and 𝐾(2, 2), such as garlands of type
𝐾(1, 1, 1)∪˙𝐾(1, 1), 𝐾(2, 1)∪˙𝐾(1, 1)∪˙𝐾(1, 1) and 𝐾(1, 1)∪˙𝐾(1, 1)∪˙𝐾(1, 1)∪˙𝐾(1, 1)
can not destroy necessary number of parts to be an interesting garland.
Let there is no garlands of type 𝐾(5, 1) and 𝐾(6, 1) in ⟨𝐸⟩. Assume that
there is an interesting garland of type 𝐾(4, 1), there can not be more than
one of them. Denote the part, which contains all vertices of degree 1 of
the garland 𝐾(4, 1), as 𝑉1. Notice, that if there is a garland of type 𝐾(3, 1)
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which does not lay into any garland of type 𝐾(4, 1), then it located as shown
in fig. 4 (because this two garlands can not have common edges).
𝑉1 𝑉2
Figure 4. Garlands 𝐾(4, 1) and 𝐾(3, 1)
In this case, a number of interesting garlands is equal to 24− 1 + 23− 1 =
15 + 7 = 22.
Consider the case, when every garland of type 𝐾(3, 1) lay into some gar-
land of type 𝐾(4, 1).
Assume, that there is an interesting garland 𝐺′ of type 𝐾(3, 1)∪˙𝐾(1, 1).
Notice, that the garland 𝐺′ should destroy some part. It can destroy part
which contains only 1, 2, 3, or 4 vertices. By lemma statement, each part
contains at last four vertices, so it should destroy four-vertex part and this
part should contain all three vertices of degree one of the graph 𝐾(3, 1) of
the garland 𝐺, but this vertices lay into a part which contains more than
4 vertices, that is a contradiction. Consequently, there is no interesting
garland of type 𝐾(3, 1)∪˙𝐾(1, 1).
Notice, that any interesting garland of type 𝐾(2, 1)∪˙𝐾(2, 1) should de-
stroy some part. It can destroy a part which contains at most four vertices.
By lemma statement, any active part contains at least four vertices. If a
part is destroyed by a garland of type 𝐾(2, 1)∪˙𝐾(2, 1), then all four vertices
of degree one should lay in this part, but this vertices lay in the part 𝑉1,
which contains at least 5 vertices, and this is a contradiction.
Also notice, that there are no more than one interesting garland of type
𝐾(2, 2), because they should have two edges from garland of type 𝐾(4, 1).
An interesting three-edge garland should be triangle or have type 𝐾(3, 1).
There are exactly four garlands of type 𝐾(3, 1). There is no more than one
triangle, because there are only two edges outside of 𝐾(4, 1). Estimate a
number of interesting two-edge garlands. The number of them, which lay
inside garland of type 𝐾(4, 1), is exactly
(︀
4
2
)︀
= 6. There are no more than
three two-edge garlands, which contain edges not from 𝐾(4, 1): there is no
more than one garland, whose edges lay outside of 𝐾(4, 1) and there are no
more than two garlands, which contains exactly one edge which does not
lay in 𝐾(4, 1). So, there are no more than 6 + 9 + (1 + 4) + 2 + 5 + 1 = 28
interesting garlands.
Assume, that there is no garlands of type 𝐾(𝑁, 1) for all 𝑁 ≥ 4. Then
there is no more than three garlands of types 𝐾(2, 2) and 𝐾(2, 1)∪˙𝐾(2, 1).
There is no more than two garlands of type 𝐾(3, 1), because they can not
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𝑏1 = (𝑞, 𝑞, 𝑞)
𝑏2 = (𝑞 + 1, 𝑞, 𝑞 − 1)
𝑏3 = (𝑞 + 1, 𝑞 + 1, 𝑞 − 2)𝑏4 = (𝑞 + 2, 𝑞 − 1, 𝑞 − 1)
𝑏5 = (𝑞 + 2, 𝑞, 𝑞 − 2)
𝑏6 = (𝑞 + 2, 𝑞 + 1, 𝑞 − 3)𝑏7 = (𝑞 + 3, 𝑞 − 1, 𝑞 − 2)
37 · 2 𝑞−
4
3
7
· 2
𝑞−
2
1
1
· 2
𝑞−
1
11 · 2 𝑞−
3
23 · 2 𝑞−
3
2
3
· 2
𝑞−
2
1
1·
2
𝑞−
2
Figure 5. The lowest levels of the lattice 𝑁𝑃𝐿(𝑛, 3) in case
when 𝑛 is divided by 3
have more than one common edge. Let 𝑘 be the greatest number of entries
of garland of type 𝐾(3, 1) in garlands of type 𝐾(3, 1)∪˙𝐾(1, 1). Then there
are at least 3𝑘 pairs nonadjacent edges. Therefore, by lemma 2 one can
deduce that 𝜇2 + 𝜉3 ≤
(︀
6
2
)︀− 3𝑘 = 15− 3𝑘. Consequently, there are exactly
6 one-edge interesting garlands, there are exactly 𝜇2 two-edge interesting
garlands, there are no more than 𝜉3 + 3 three-edge interesting garlands,
there are no more than 2𝑘 + 3 four-edge interesting garlands, there are no
more than
(︀
6
5
)︀
= 6 five-edge interesting garlands, there are no more than(︀
6
6
)︀
= 1 six-edge interesting garlands, so, there are no more than 6 + 𝜇2 +
𝜉3 + 3 + 2𝑘 + 2 + 6 + 1 ≤ 18 + 15− 3𝑘 + 2𝑘 ≤ 33 interesting garlands. 
The following lemma was proved in [10].
Lemma 9. Let 𝑢 = (𝑢1, . . . , 𝑢𝑖, . . . , 𝑢𝑗 , . . . 𝑢𝑡) → 𝑣 = (. . . , 𝑢𝑖 − 1, . . . 𝑢𝑗 +
1, . . .) be an elementary transformation of partition 𝑢 and element 𝑢𝑡 ≥ 2.
Then graphs 𝐾(𝑢) and 𝐻 are not chromatically equivalent.
3. Case 𝑟 = 0
The lowest levels of the lattice 𝑁𝑃𝐿(𝑛, 3) in the case when 𝑛 is divided
by 3 is shown on fig. 5. By analogy with [5], the difference of the number
of edges is placed over cover relation, and the difference of the invariant
𝑝𝑡 is placed under cover relation. There are only two elements of height 4:
(𝑞+ 2, 𝑞+ 1, 𝑞−3) and (𝑞+ 3, 𝑞−1, 𝑞−2). Chromatic uniqueness of a graph
𝐾(𝑞 + 2, 𝑞 + 1, 𝑞 − 3) if 𝑞 ≥ 5 follows from the main result of [10].
Proposition 1. A graph 𝐾(𝑞 + 3, 𝑞 − 1, 𝑞 − 2) is chromatically unique, if
𝑞 ≥ 4.
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Proof. Let graphs 𝐾(𝑞 + 3, 𝑞 − 1, 𝑞 − 2) = 𝐾(𝑢) and 𝐻 are chromatically
equivalent and the graph 𝐻 is obtained from graph 𝐾(𝑣) by deleting the
edge set 𝐸. Consider the cases for the partition 𝑣.
Cases when 𝑣 = (𝑞 + 2, 𝑞, 𝑞 − 2) and 𝑣 = (𝑞 + 2, 𝑞 − 1, 𝑞 − 1) contradict
with lemma 9.
Case 1. Let 𝑣 = (𝑞+ 1, 𝑞+ 1, 𝑞− 2). Then |𝐸| = 4 and, by lemma 1, one
can obtain
∆𝑝𝑡(𝐻,𝐾(𝑣)) = 7 · 2𝑞−2 + 2𝑞−1 = 9 · 2𝑞−2 ≤ 15,
which implies that 𝑞 ≤ 2, which is a contradiction.
Case 2. Let 𝑣 = (𝑞 + 1, 𝑞, 𝑞 − 1). Then |𝐸| = 6 and using lemma 1 one
can deduce, that
∆𝑝𝑡(𝐻,𝐾(𝑣)) = 9 · 2𝑞−2 + 3 · 2𝑞−3 = 36 · 2𝑞−4 + 6 · 2𝑞−4 = 42 · 2𝑞−4 ≤ 63,
which implies that 𝑞 = 4, ∆𝑝𝑡(𝐻,𝐾(𝑣)) = 42 and 𝑣 = (5, 4, 3). Compute
the difference of the invariant 𝐼3:
∆𝐼3(𝐾(𝑣),𝐾(𝑢)) = 3(𝑞 − 2) + 𝑞 + 2 + 2(𝑞 − 1) = 6𝑞 − 6 = 18,
∆𝐼3(𝐾(𝑣), 𝐻) = 𝜉1 − 𝜉2 − 2𝜉3 = 18,
𝜉1 = 3𝑒12 + 4𝑒13 + 5𝑒23 = 3|𝐸|+ 𝑒13 + 2𝑒23 = 18 + 𝑒13 + 2𝑒23,
𝑒13 + 2𝑒23 = 𝜉2 + 2𝜉3
Let 𝑒12 = 6. Then ⟨𝐸⟩ is a subgraph of the complete bipartite graph
of type 𝐾(5, 4). It should contain exactly 42 interesting garlands, and this
contradicts with lemma 8. Consequently, 𝜉2 + 2𝜉3 > 0.
Let 𝜉3 > 0. Then by lemma 5 the number of interesting garland does not
exceed 5 · 8− 1 = 39 < 42, which is a contradiction. Consequently, 𝜉3 = 0.
Let 𝜉2 ≥ 2. Then by corollary 1 the number of interesting garlands does
not exceed 63− 32 + 26−3 = 39 < 42, which is impossible.
Therefore, 𝜉2 = 1, and one can obtain that 𝑒13 + 2𝑒23 = 1, consequently,
𝑒23 = 0, 𝑒13 = 1, 𝑒12 = 5. Denote a single edge between parts 𝑉1 and 𝑉3 as 𝑒.
Because of 𝜉2 = 1, there is exactly one edge in ⟨𝐸⟩, which is adjacent with
𝑒. Denote this edge as 𝑓 . Then there are no more 2|𝐸∖{𝑒}|− 1 = 25− 1 = 31
garlands, whose edges lay in 𝐸 ∖{𝑒}. Notice, that any non-one-edge garland,
which contains the edge 𝑒, can not have cardinality one, so should destroy
part 𝑉1 and notice, that this garland can not contain the edge 𝑓 , therefore,
there are no more than one such garlands. Consequently, there are no more
than 31 + 1 + 1 = 33 < 42 garlands, which is a contradiction.
Case 3. Let 𝑣 = (𝑞, 𝑞, 𝑞). Then |𝐸| = 7 and by lemma 1 one can deduce
that
∆𝑝𝑡(𝐻,𝐾(𝑣)) = 42 · 2𝑞−4 + 2𝑞−2 = 46 · 2𝑞−4 ≤ 127,
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so 𝑞 = 4 or 𝑞 = 5. Compute the difference of the invariant 𝐼3:
∆𝐼3(𝑣, 𝑢) = 6𝑞 − 6 + 𝑞 = 7𝑞 − 6
∆𝐼3(𝑣,𝐻) = 𝜉1 − 𝜉2 − 2𝜉3 = 7𝑞 − 6
𝜉1 = 𝑞𝑒12 + 𝑞𝑒13 + 𝑞𝑒23 = 𝑞|𝐸| = 7𝑞
6 = 𝜉2 + 2𝜉3,
therefore, 𝜉3 > 0 or 𝜉2 = 6.
Assume, that 𝑞 = 5. In this case ∆𝑝𝑡(𝐻,𝐾(𝑣)) = 92. If 𝜉3 > 0, then by
lemma 5 a number of interesting garlands does not exceed 5 · 16 − 1 = 79.
If 𝜉2 = 6, then by corollary 1 the number of interesting garlands does not
exceed 27 − 1− 2 · 25 + 27−3 = 127− 64 + 16 = 79, which is contradiction.
Now consider the case when 𝑞 = 4. In this case 𝑣 = (4, 4, 4) and
∆𝑝𝑡(𝐻,𝐾(𝑣)) = 46.
Assume that 𝜉2 = 0. Then 𝜉3 = 3, which implies that there are two
distinct triangles in ⟨𝐸⟩, which have a common edge. Denote set of all
edges of this triangles as 𝐸′, and notice, that |𝐸′| = 5. Since the graph 𝐾(𝑣)
is tripartite, set 𝐸′ is an edge aggregate of the garland of type 𝐾(2, 1, 1).
Consider an arbitrary continuable outside of ′𝐸′ subset 𝐸1 ⊂ 𝐸′ beside a
couple of nonadjacent edges (see proof of lemma 7), there are 11 such subsets.
The number of garlands, such that an intersection of their edge aggregates
with set of edges of garland 𝐾(2, 1, 1) is equal to 𝐸1, is not greater than
22 = 4. It is left to estimate the number of such garlands 𝐺′, that an
intersection of their edge aggregate with set of edges of garland 𝐾(2, 1, 1) is
equal to a pair of nonadjacent edges. Notice, that in this case the cardinality
of the garland 𝐺′ is not less than 2, since if it is equal to 1, then it should
contain another edge from 𝐾(2, 1, 1). Consequently, the garland 𝐺′ should
destroy some part, therefore, it should contain as least 4 edges and two of
them does not lay in 𝐾(2, 1, 1), so there are no more than 2 such garlands,
because there are only two pairs of nonadjacent edges in 𝐾(2, 1, 1). So,
there are no more than 11 · 4 − 1 + 2 = 45 < 46, which is a contradiction.
Consequently, 𝜉2 > 0. Since 𝜉2 = 6− 2𝜉3 is an even number, one can obtain
that 𝜉2 ≥ 2.
Notice, that there are no garlands in ⟨𝐸⟩, whose edge aggregates contains
exactly 7 edges, because such garlands should contain an uncontinuable
subset — a set of edges of some Ξ2-subgraph. Also notice, that there are no
more than 1 six-edge garlands (because edges 𝑓 and 𝑒 form a Ξ2-subgraph, so
a six-edge garland should contain exactly one of them, because all edges can
not simultaneously lay in the same garland. If there are two nonintersecting
Ξ2-subgraphs, then there are no six-edge garlands; if 𝑓 – is a common edge
of two distinct Ξ2-subgraph, then it can not lay in any six-edge garland).
There are no more than
(︀
7
5
)︀−(︀53)︀ = 21−10 = 11 five-edge garland, since there
are
(︀
5
3
)︀
five-element subsets, which contain edges of a certain Ξ2-subgraph.
An interesting three-edge garland should be triangle or has type 𝐾(3, 1).
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𝑏1 = (𝑞 + 1, 𝑞, 𝑞)
𝑏2 = (𝑞 + 1, 𝑞 + 1, 𝑞 − 1)
𝑏3 = (𝑞 + 2, 𝑞, 𝑞 − 1)
𝑏4 = (𝑞 + 2, 𝑞 + 1, 𝑞 − 2)𝑏5 = (𝑞 + 3, 𝑞 − 1, 𝑞 − 1)
𝑏6 = (𝑞 + 2, 𝑞 + 2, 𝑞 − 3) 𝑏7 = (𝑞 + 3, 𝑞, 𝑞 − 2)
415 · 2 𝑞−
4
2
3
· 2
𝑞−
1
11 · 2 𝑞−
3
23 · 2 𝑞−
3
3
7
· 2
𝑞−
2
1
1
· 2
𝑞−
1
11 · 2 𝑞−
2
Figure 6. The lowest levels of the lattice 𝑁𝑃𝐿(𝑛, 3) in case,
when 𝑛 is equal 1 modulo 3
Estimate the number of garlands of type 𝐾(3, 1). Since there are no
garland of type 𝐾(4, 1), because such garland destroys a part, which is
impossible, any two garlands of type 𝐾(3, 1) have no more than one common
edge; therefore, there are no more than three such garlands.
An interesting four-edge garland should have one of the three types:
𝐾(3, 1)∪˙𝐾(1, 1),
𝐾(2, 1)∪˙𝐾(2, 1), 𝐾(2, 2). There are no more than two garlands of type
𝐾(2, 2) and there are no more than three garlands of type 𝐾(2, 1)∪˙𝐾(2, 1).
Each garland of type 𝐾(3, 1)∪˙𝐾(1, 1) contain inside itself a garland of
type 𝐾(3, 1). Let 𝑘 be the greatest number of entries of garlands 𝐾(3, 1)
in interesting garlands of type 𝐾(3, 1)∪˙𝐾(1, 1). Then there are at least
3𝑘 pairs of nonadjacent edges in ⟨𝐸⟩, so by lemma 2, one can deduce that
𝜉2 +𝜇2 + 3𝜉3 ≤
(︀
7
2
)︀− 3𝑘 = 21− 3𝑘, therefore, 𝜇2 + 𝜉3 ≤ 15− 3𝑘. Then there
are no more than 3𝑘 garlands of type 𝐾(3, 1)∪˙𝐾(1, 1). Then there are no
more than 7+𝜇2 +(3+ 𝜉3)+(3𝑘+5)+11+1 ≤ 27+15−3𝑘+3𝑘 = 42 < 46
interesting garlands, which is a contradiction. 
4. Case 𝑟 = 1
The lowest levels of the lattice 𝑁𝑃𝐿(𝑛, 3), when 𝑛 is equal 1 modulo 3,
are shown on fig. 6. As in the previous case, the difference of the number
of edges is placed over cover relation, and the difference of the invariant
𝑝𝑡 is placed under cover relation. There are only two elements of height 4:
(𝑞 + 2, 𝑞 + 2, 𝑞 − 3) and (𝑞 + 3, 𝑞, 𝑞 − 2). Chromatic uniqueness of the graph
𝐾(𝑞 + 2, 𝑞 + 2, 𝑞 − 3) if 𝑞 ≥ 5 follows from theorem 1 in [16].
Proposition 2. A graph 𝐾(𝑞+ 3, 𝑞, 𝑞− 2) is chromatically unique if 𝑞 ≥ 4.
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Proof. Assume graphs 𝐾(𝑞 + 3, 𝑞, 𝑞 − 2) = 𝐾(𝑢) and 𝐻 are chromatically
equivalent, and the graph 𝐻 is obtained from a graph 𝐾(𝑣) by deleting edge
set 𝐸. Consider possible cases for partition 𝑣.
Cases 𝑣 = (𝑞+2, 𝑞+1, 𝑞−2), 𝑣 = (𝑞+3, 𝑞−1, 𝑞−1) and 𝑣 = (𝑞+2, 𝑞, 𝑞−1)
are contradict with lemma 9.
Case 1. Let 𝑣 = (𝑞 + 1, 𝑞 + 1, 𝑞 − 1). Then |𝐸| = 5 and by lemma 1 one
can obtain, that
∆𝑝𝑡(𝐻,𝐾(𝑣)) = 2𝑞−3+7·2𝑞−2+2𝑞−1 = (2+28+8)·2𝑞−4 = 38·2𝑞−4 ≤ 25−1,
which is a contradiction since 𝑞 ≥ 4.
Case 2. Let 𝑣 = (𝑞+ 1, 𝑞, 𝑞), In this case |𝐸| = 6 and using lemma 1 one
can deduce that
∆𝑝𝑡(𝐻,𝐾(𝑣)) = 38 · 2𝑞−4 + 2𝑞−2 = (38 + 4)2𝑞−4 = 42 · 2𝑞−4 ≤ 26 − 1,
which implies that 𝑞 = 4 and ∆𝑝𝑡(𝐻,𝐾(𝑣)) = 42, which is a contradiction
with lemma 8. 
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